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THE INTERDEPENDENCE OF PROFILE DRAG AND LIFT
WITH JOUKOWSKI TYPE AND RELATED AIRFOILS*

By H. Mutiray
SUMMARY

On the basis of a systematic investigation of Gott in-
gen wind-tunnel data on Joukowski type and related air-
foils, it is shown in what manner the profile drag coeffi-
clent is dependent on the 1ift coefficient. It is found

that, up to camber parameters % = 0.,25 and thickness

parameters % = 0+4, the profile drag coefficient is rep-
resented as a cubical parabola whose apex for cambered
airfoils with c¢5 values lies above zero. With given
camber these peak c¢g values are in approximately linear
relationship with the thickness parameters. The individu-

-al factors for the construction of the profile drag polars

are given., They afford a more accurate calculation of the
performance coefficients of airplane designs than other-
wise attainable with the conventional assumption of con-
stant profile drag coefficient.

le INTRODUCTION

The assumption of constant parasite drag coefficient
in the performance calculation of airplane designs (refer-
ence 1) is particularly inadequate when the ¢, values
are high, because a portion of this drag, the so-called
"profile drag"®® upon approaching ¢, = 1.0, riscs consid-
erably with increasing c¢5 values. As a result the aero-

*Iver die Abhangigkeit.des Profilwiderstandes vom Auftried
bel Joukowsky- und joukowsky-ahnlichen Profilen." Tuft-
fahrtforschung, December 5, 1934, ppe. 165-173.

**The presumption of constant coefficient of residual drag
(body drag and protruding parts) is preserved.
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dynamic characterlstics,‘such ‘a's criterion of climb and
llft/drag ratlio, approach for flight with best climb and
ceiling factor rather the values for flight with best fine~
fineness ratio; and- consequently do not reach the f1g~
ures arrived at. Wlth an assumedly constant para51te drag
coefficient. T

However, since this assumptlbn results in a compara-
tively convenient method of calculation, it was attempted
to extend these methods at least to a group of such wing
sections for which the assumption of constant parasite
drag coefficient does no longer hold. To this end, we ine
troduced in Schrenk's report (reference 2) a second law
for the quantity of the profile drag coéfficient as funck
tion of ¢,, to which the representatlon of the profile-

drag polars as a parabola symmetrical to the cw axis cor-
responded. Then the proflle drag is:

- ; = + t t _
cwprofile profllemlﬁ constan ca (1)

In this manner. the proflle drag coeff1c1ent con-

sigsts of a part :1dependent of Cg and a part dependent

on ¢y squarede lnﬁ latter was then considered part. of

~the induced drag,.bucause its dependence on ¢ is as to
the square also. As a result, it was possibdle to. intro-
duce a substitute span with wblch the preV1ou 1y derived
formulas could be analyzed. .

¢

2., THE PROFILE DRAG LAW

Now it is readily seen that the law for the profile
drag contained in formula (1) cannot be carried into ef=-
fect except in very few cases. To Dbegin with, the occur-
rence of minimum profile drag at cg = 0 is obviously
precluded as far as cambered airfoils are concerned. One
need only think. of the conditions existing on greatly cam-
bered profiles to realize this. TWith such profiles the
flow, as is known, has already broken down on the bottom
camber when cg = 0, so that the polar reveals a break

above ¢y = 0. -But owing to the rounded-off nose* it must
be preceded by a gradual breakdown of the flow when - com=

*The Validity,is:limited to profiles with rounded—off nose.
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ing from high ¢, values - approaching the ¢, value of
the--lower-break (fig. 2)+ Thus the conditions are s1mi-
lar to those encountered upon approaching tlhe upper ‘burb-
ling p01nt. Consequently, while there may exist a para-
bolic 'law for the dependence.-of profile drag on 1lift coef=-
ficient, the apex of the parabola for symmetrical wing
sections, ‘however, .can only- 1ie with ca = 0. Dropping,
in addition, the assumption of - -squared. parabola, the gen~
eral term for the. proflle drag bhen, is:

~ n o |
CWPT9f FVPrOfm{n+c<(Fa'aasym)”iﬁwprofmin ¢ (Aca) ,,:(3)
Hereby, _Cq o= c, value at which the apéx of the
sym : bo .
parabola lies
n = exponent of parabola
¢ = constant -
Wopof sn minimun profile drag coefficient ly;'
Proimin  ing at

.Acasym
The formula contains only thé amount of the power,

It is now necessary to check whether the given term
actually agrees with the given conditions, at least of
normal wing sectlons, and for the nost 1mportant flight
Tange.

INVESTIGATION OF GOTTIVGEN AIRFOIL DATA

REGARDING THE. VALIDITY OF THE CITED PROFILE DRAG LAW

The writer, in collaboration with L. Maxen and F.

Freytag, undertook the investigation of the validity of

the law contained in formula (2) on a series of wing sec-
tions. In order to be able to embody the chosen airfoils
in a system, the analysis was limited to Joukowskl type

and related airfoils, shown in figure 1 and tadble 1.
This work thus forms a complement to Schrenk's report (ref-
erence 3) and is equally confined to wind-tunnel tests.
Even the method of defining the profile drag polars by
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forming differences from the total drag obtained by weigh-
ing, and the induced drag known  fromn theory was preserved
in.principle. One difference,:.however, which is of prima-
ry importance for the size of the profile drag coefficient
and for the establishment: of. an experimental profile drag.
law, -is -that the calculation of the induced.drag proceeds
from a:rectangular rather than an elliptical 1ift distri~
bution., For egual aspect ratio f%_=-1i5,*- there is, as
known (reference 4), a 1,04 times induced drag with recs—
tangular, as compared to elliptical, 1ift distribution. .
Thus at higher ¢, ' the values for the profile drag would
be lower than otherwise gemerally assumed. For this rea=
son we added an increment of 2 percent to the induced
drag, and the calculation was actually made with 1.06
times the induced drag obtainable with elliptical 1ift
distribution. The reason for this increment was the fact
that, according to pressure-~distribution measurements on
rectangular wings, the edges reveal high 1ift peaks, il.e.,
deviations from the theoretical rectangular 1ift distribdu-
tione. '

The thus obtained profile drag polars were then di-
vided in a quota cy not dependent on cg and a
profpin

‘quota. Acy dependent on ¢, (fig., 2). The next

prof
step was the determination of Casym° Hereby it was ob=

served that the quota dependent on cg5 at high Acg val-

ues were agreeable as closely as possible because the in-
strumental errors during the division of the profile drag
are comparatively smallest in these parts of the polars.

The third step consisted of plotting on logarithmie scale

the quota Acwprof against Acg.

*The fundamental measurements for the tests were made on

normal wings of é% = 115 aspect ratio.
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. TABLE I. Investigated Lirfoils Similar to

Airfoil , £ g
494 .1 ' , «0355

. 495 A A . 2085
400 .105 .. .0583

. 496 IR R T .084
497 : ’ o1 .113
430 .103 4113
498 o el : 142
413 .105 ,145
500 .12 ' 055
502 .12 ol 142
656 2. . . .148
657 - - ' .148
5273 . .198 . 165
652 ' L1965 ' «1665

4, RESULT OF INVESTIGATION

a) General result

The general result of the investigation of Joukowski
type and related airfoils, which may be denoted as the
"profile drag law", may be expressed as follows:

The profile drag polars for airfoils with thickness
parameters %-§‘0.4 and camber parameters L S 0.25 may

be replaced with cubical parabolas. The a?ex of the pa-
rabola’  for cambered airfoils lies above c5 = 0.

b) Magnitude of Cy
profpin

The obtained ‘¢Wprof o TVolues for Joukowski and re-
‘m

lated airfoils are shown in figures 3 and 4 plotted against
% and %. During the determination of the values it was

found that the profile drag polars occasionally yielded
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only the valﬁés’upV$0ﬂv%h:'O.a5ﬂbba32usefhmuﬁafinition

Cw . is to pe the minimum value of the profile drag,
profpin e C e ..

which lies at Ca For greatly cambered alrf01is"

sym®”
<£ > 0. 25> it was found, however, that the 1ower break of

the polar 11es above as'a result of which- 1t was

ca
ym
impossible to determlne the magnltude of ‘e
. sym
An examlnatlon of the curveé manifests a llnear rela=-

tion between_3cw and the airfoil thlckHSSu, valid
profpmin

up to about - = 0.018, ;espectlvely, comprlsing

e
WPI'Ofm:Ln

the airfoils up to %z 0.2 and . %= 0.25. Beyond %:
0«25 the cy valueq rlse cons;derably. -The slope
PTOfm1n ‘ a
of the stralght line CWprofm nl: f ( is unaffected by
%. The stralght lines may be expressed with:
Cy =5 S o + 0,044 & (3)
prOfmin [ Pro"‘mln<l "Oc \ 1

The value of is not'b;0046 for non~

cwprofmin<%ﬁ?9q0>_“
cambered airfoils, as the extrapolation of curve

- s d.\ 1s. It would be 0.0055, acw
cwprofmin T__()O ( \ reveals wou e 0.00 ac

cording to measurements on a flat plate at R =4 X 10°

the same at which the airfoil measurements were made. Of
course, this figure is valid only under the premise of
turbulence’. of boundary layer over the whole plate depth,
an assunption which is perhaps not altogether complied
with'in the airfoil measurenents.

f

The plottlng of the cy values against T

profmin
(fig. 4) discloses a parabolic relationship of the form

\ *+ const <%>m (45

Cc . = C . ’
Vprofpin WPTOfmin{%==O.O/
A\
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A logarithmic diagram of the. values gave a parabola'expo~
nment "'m # 3, -a figure valid up to about - r»»;O.ZES.WABe—

yond 1t m 1ncreases consmstently.
The values of the constants are found from table 11,

TABLE II. Constants of Formulas

(4) an@,(5) vefsus %
V% " constant
0.0~0.2 . .~ 0.45-
’ .25 ~e 50
«30 ] ~qe 60
. 40 ) T~ 90
Now ¢ versus i and & may be approximated
) WPrOfmin 'L 1 ’ . P
as
. PR d fi..
c = 0,0046 + 0,044 & + const...< 5
"profpin v v, (5)

The formula is valid, as .stated before, up to % =
0.25 and § = 0.225, pPutting the comstant for this range
at 0,48, we obtain .

- 3
d £
= 0. 044 & .48 (L (51!
Cw £ 0.0046 + 0 944 1 +‘0 <1> | | (5-)

as approximation formula.

c) The Magnitude of Acwprof

Acwprof is, as previously explained, a function of

Acy = cg = for which reason the determination

c
2gynm’

of the magnitude of formed the second step in the

Cagym
definition of the profile drag. However, in order to com=
plete the discussion of the quotas of the profile drag
first, it is deemed best to revert to the magnitude of

Acy and thereby assume the magnitude of to be

prof Cagym

known,
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Figures B5a to 5f and 6a’to 6f show as’ éxamples the
logarithmic diagrams of the lcy - values versus Acy for
two series of regular Joukowski airfoils: once for con-—

. o, N\ . [ . P
stant thickness (% = O.l) and variable camber (% = 0,0

- - (- . s v o, . N\

té O.25> and then for constant camber (% = 0.1> and
variable thickness (% = 0.0"t0o o.4§.-lA straight line
with 1:3 slope is drawn through the points. Naturally
this method of plotting gives the points a more or less
pronounced scatter because the instrumental errors now en-
ter only in the Ac,. The points for high Ac, values

have been particularly.observed when. drawing the straight
lines. They lie quite well on the straight lines. Strict-
ly viewed, the slope of the straight. lines naturally fluc-
tuates also, but the coordinated constant (intersection of
straight line with the parallel to axis Acyg at Ac, =
1,0) of the chosen slope, affords a certain equalization.

The remaining figures may equally well be obtained
with straight lines of 1:3 slope. All measurements, of-
course, are subject to the limitation that % must not

exceed 0.25}

The ¢ constants of formula (2) defined as straight
lines in logarithmic.diagram, are shown in figures 7 and,
8 for pure and modified Joukowski wing sections versus %

and %. There is a pronounced scatter which makes it dif-

ficult to obtain curves with very many test points; ale-
though it was quite satisfactory in isolated cases as, for
example, in the plotting of ¢ versus % for % = 0.1,
0.15, and 0.3. The other curves were drawn accordingly,
without regard to any marked, or perhaps, even one-sided
scattering of the corresponding test points.

The plotting of the ¢ constants against % proxi;

mated hyperbolas, and against % parabolas. Because of

the pronounced scatter, no formal evaluation of the curveé
was attempted. -
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o ,,d: Magnitude of casym

The determination of this value is of particular sig~
nificance insofar as it is possible theoretically to de-
termine the location for infinitely thin airfoils, and it
was found that this location was, as anticipated, in ac~
cord with that obtained by experiment. Further, it was
established that, as regards Cagym® there exigts a sim-
ple corelation for the airfoils of finite thickness.

Let us first examine the experimental values (figs,
9 and 10). TFigure 9 shows that the casym values for

airfoils of equal camber plotted against %, may be ap=

proximately connected by straight lines. These lines are
so much steeper as the camber is greater. The origin of
the straight line in the ordinate axis is coincident with

the point of ®agym (obtained by extrapolation) for % =
0.0.

The extrapolation was made as follows: From the
Catheor and caexper diagrams plotted againgt a for
the Joukowski airfoils, we took the conversion factors
caexper .
s——=—— independent of a, and plotted them againsgt the
Catheor
camber for &= 0.05 to 0,25 (fig. 11). The result was

a set of parallelly displaced curves. It was assumed that
this parallel shifting applied very likely to the curve

for & = 0 also, For obvious reasons the origin of the
L f Caexper

curve for = = 0 Thad to be in point F=""= = 1. TWith
1 2theor

these values of the guotients the theoretically obtainable

values of for % = 0 . then gave the corresponding

casym
experimental figure.

No definite statement mag be made about the curves
in figure 9 within range of T > 0.4, ©because of the

lack of experimental data on airfoils of greater thick-
ness. Consequently, the extrapolation of the straight

line over % = 044 1in figure 9, is not absolutely cer-

tain,
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Flgure 10 glves c . Versus 'i Accordlng to it

the rise at flrst is’ subsequently followed by a . drop in the
values w1th1n range of the tests for 5@ > O 25.; Hence the

reeurrenco of. caSymrz O_ fer the: same profile thicknes&r~
once for:"%wézo and.again:fnriw%;>f0% | !

Next it was atuemptcd to. estaollsh one partlcular
point on the airfoil to which the portznent value of
Cg could -be, Somewhat coordinated.: .. - BRI

Gym

_ An. excellent point for cambered alrf01ls of zero
thlckness is the leading’ edge., In order t6 obtain, the",
mlnlmum proflle drag the’ forward stagnatlon point must eve.
1dently lie in the leading edge Dbecatse, selecting a p01nt_
in the vicinity of the leading edge, the circulation of" *
the leading edge, respectlvelJ the ensuing great veloci~
ties, would undoubtedly‘1nvolve a much higher proflle drag
than with the so-called "shock-free entry" of the flow,.
Adding. further the. trailing edge in the- known manner as . ..
rear stagnation point, the angle of attack of the airfoil
and the corresponding.. ca and  cagyy value (reference &)

is known accordln to the equally assumed as known re-
sultsvof. the conformal transformation.

Pass1ng to proflles of flnlte thlckness, one might be
tempted to assume that the forward stagnation point to
which. 6Gasgym -1s coordinated,‘ls ¢éoincident with the inter
section of .the. profile contour and the extension of the
skeletén line of the thick airfoil (profile with zero
thickness: gnd- equal cambcr).. But the design figure (fig,
12) shows that a substantlally hlgher theoretical angle
of atbtack beléngs to this point (point 2); that is, a much
higher 1ift also, On the other hand, according to figure
9, the Cagym value decreases as the profile thickness

1ncréasés. This signifies that the forward stagnation
point of the cited intersection of skeleton line and pro-
file contour (point 2 in.fig. 12) moves forward (in direc-
tion of the arrow). Such.a point of -the profile is the
intersection of profile contour and axis of abscissa
(voint 3 in flg. 12Y% We coordinated the same _theorefical
angle of attack to this point independent of %. although

the corresponding 1ift coefficient still continues to rise,
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albeilt slightly, as a8 result of the increasing thickness
of ‘the profiles ~The pertinent ¢, values for. this .point
are included in figure 9.

As previously stated, there is no agreement between
experimental and theoretical values for Otheeor = conste

For this reason the corresponding curves were not plotted
in figure 10, although it contains the theoretical curve
fOI‘ T= O-O.

Graphical determination of the actual position of the
forward stagnation points by means of the Ogym Vvalues

coordinated to the experimentally defined values;

casym
that is, on the "generating circles" of the profiles as
well as on the profile contours themselves, discloses
these points in the design figures to again lie approxi-
mately on straight lines (figs. 13 and 14)e The test
points in the Z plane, that is, in the representation of
the "generating circles" are best replaced with a straight
line, whereas this is hardly possible for greater % in

the representation of the Joukowski airfoils. One obtains
instead slightly cambered curves in the Z plane.

The straight lines containing the forward stagnation
points in the representation of "generating circles" are
steeper as the profile camber is greater.s It ties up with
the relationship existing between figure 9 and figures 13
and 14. But the advantage of the latter over figure 9 is
their lucidity as well as the fact that the scattered test
points may be closely replaced by straight lines through
this method of representation. Only by computing the

casym values corresponding to these straight lines were

the slightly cambered experimental curves of figure 9 and
the experimental curves of figure 10 established.

Now the theoretical values may be obtained from the
experimental for any thickness parameter with the quo-

Ca
. exper . .
tients _—2XPoT of figure 11, in the same manner as the
Ca &
theor

for % = 040. The cufves obtained in this fash-

casymexp
ion are shown as dashed lines in figures 9, 10, 13, and
14 for the profiles with maximum L and

d
l T
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, .Pigure 15: finally shows. the pitch of the stralght
1ines connectlng the forward stagnatlon pointts of figures
13 and 14 plotted against the camber. The values diverge
comparatively little from a parabola.

':5. APPLICATION OF THE RESULTS TO THE PERFORMANCE

“ALCULA”ION OF AIRPLANE DESIGNS

In the numerical example hereafter, we show what dif-
ferences occur in the magnitude of the most essential
aerodynamic performance factors when the calculation is
made with cdonstant profile drag coefficient and when ef=
fected with-profile drag coefficient dapendent on 1ift
cocefficient, "As ezxample, we use a glider with ncon-twisted
elliptical wings'of 1:15 .aspect ratio and constant pro=
file; wing warping and profilc change of ouitcr wings shall
be disregarded for reasons.of simplicitys The chosen pro=-
flle ‘is a Joukowsiki airfoil with a thlckness paramoter
£

T '0.125, ' camber paramcter' T = 0.15, and wing span = 15
meters., . . o s '
Figure 3 yields: ¢ = 0.01%2
€ yretast Vprofmin
Figure 11 " ¢ = .,0325
T 1 . -
ﬁygure 13 . casym o7

As fesi&qal drag coefficient, we take
cwg = 0.0025

so that .0145

therefore, = L0145 X 15 = 0,2175 m®

T
smin
Whence with point—by—p01nt ovaluation, the 1ift coeffi-
cicnt ¢y

With vest criterion of climb at Cagy = 1-05 (1.4325)

" " 1ift/drag ratio at Cq

ac .80 (0.826)
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P .
The criterion of ¢limbd ~—g75 = g
, c .
a
With best criterion of c¢limd at gt = 55 575 59.275
W 1ift/drag ratioat - % = st 1

28.475 .25.84

ca
The 1ift/drag ratio =2 = ¢

Cy -
With best criterion of climb at = €44 = 2648 (24.55)
" " lift/drag ratio at €, = 28.5 (28.45)

The conversion factors ares

Ca St
28% 1,313 (1.734); 5 = 0.93 (0.882)
Ca€ €

€
-8% = 0,941 (0.8625)

The figures given in parentheses are the guantities
obtained for constant parasite drag coefficient cwsmin =
0.0145 according to Schrenk (reference 1). The bracketed
figures for the case of best 1ift/drag ratio differ very
little from those corresponding to the actual course of the
polar, But the figures for the best criterion of c¢limd,-on
the other hand, reveal a perceptible difference, especially
the ¢z values. The ¢, value of the best climd and ceil-

ing factor (cgq y = 1.4325) computed with constant profile

drag coefficient, lies about 365 percent too high:; that
is, so high as to actually be quite close to the value of

Comax = le5 of the airfoil,

Translation by J. Vanier,
Hational Advisory Comnmittee
for Aeronautics.
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Figure 13.- Position of forward

stagnation points for
minimum profile drag on the
figenerating circles* and on the
Joukowsky airfoils themselves
(£/1 = 0.1).

Figure 14.- Position of forward
stagnation points for

minimom profile drag on the

tgenerating circles® and on the

Joukowsky airfoils themselves
(/1 = 0.2).




